Abstract. In this paper, we investigate the properties of fuzzy Galois (dual Galois, residuated, dual residuated) connections in a complete residuated lattice L.
Introduction
Galois connection is an important mathematical tool for algebraic structure, data analysis and knowledge processing [1] [2] [3] [4] [5] [7] [8] [9] [10] [11] . Orlowska and Rewitzky [9] investigated the algebraic structures of operators of Galois-style (Galois, dual Galois, residuated, dual residuated) connections on set. Hájek [6] introduced a complete residuated lattice L which is an algebraic structure for many valued logic. Recently, Yao and Lu [11] introduced Galois connections and fuzzy completeness in a complete residuated lattice L. Bělohlávek [1] [2] [3] developed the notion of fuzzy contexts using Galois connections with R ∈ L X×Y on a complete residuated lattice L.
In this paper, we investigate the properties of fuzzy Galois (dual Galois, residuated, dual residuated) connections as an extension of Yao and Lu [11] in a complete residuated lattice L.
Preliminaries
Definition 2.1. ( [6, 11] 
In particular, the unit interval
is a complete residuated lattice defined by
) with a left-continuous tnorm ⊙ is a complete residuated lattice defined by
In this paper, we assume (L, ∧, ∨, ⊙, →, 0, 1) is a complete residuated latttice.
If e X satisfies (E1) and (E2), e X is a fuzzy preorder and (X, e X ) is a fuzzy preorder set. If e satisfies (E1), (E2) and (E3), e X is a fuzzy partially order and (X, e X ) is a fuzzy partially order set (simply, fuzzy poset). (
(4) It is similarly proved as (3).
Let (X = {a, b, c}, e X ) be a fuzzy poset as follows: 
Hence (X, e X ) is not fuzzy complete. 
Hence f is an order reversing map. Moreover, , g(y) ). , g(y) ).
(2) We only show that (e X , f, g, e Y ) is a dual Galois connection iff f is an order reversing map and g(y) = min f ← ((e Y ) y ) because other case is similarly proved.
(
Hence f is an order reversing map. Moreover,
(3) It follows from Theorem 3.4 in [11] . (4) First, we show that (e X , f, g, e Y ) is a dual residuated connection iff f is an order preserving map and
.
Hence e X (g(y), x) = e Y (y, f (x)). Second, we show that (e X , f, g, e Y ) is a dual residuated connection iff g is an order preserving map and
Hence e X (g(y), x) = e Y (y, f (x)).
Proof.
(1) First, we will show that (e X , f, g, e Y ) is a Galois connection iff f (⊔A) = ⊓f
Hence
Thus, f is order-reversing.
Thus, g is order-reversing. Since
. Thus, g is order-reversing.
Define f : X → Y as f (x) = ⊔g ← ((e X ) x ). By the definition of f (x 1 ) = ⊔g ← ((e X ) x 1 ), we have x 1 , g(z) ) → e X (x 2 , g(z))) ≥ e X (x 2 , x 1 ).
Thus, f is order-reversing. Since Since f (g(y)) = ⊔g ← ((e X ) g(y) ), e Y (y, f (g(y)) ≥ g ← ((e X ) g(y) )(y) = (e X ) g(y) (g(y)) = 1, e X (x, g(y)) ≤ e Y (f (g(y)), f (x)) = e Y (f (g(y)), f (x)) ⊙ e Y (y, f (g(y))) ≤ e Y (y, f (x)) e Y (y, f (x)) ≤ e X (g(f (x)), g(y)) = e X (g(f (x)), g(y)) ⊙ e Y (x, g(f (x))) ≤ e X (x, g(y)).
Thus e X (x, g(y)) = e Y (y, f (x)).
(2) and (3) are similarly proved in (1) and Theorem 3.5 in [11] , respectively.
(4) First, (e X , f, g, e Y ) is a dual residuated connection iff f (⊓A) = ⊓f → (A) for all A ∈ L X .
